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Abstract 

This paper concerns the problem of the high probabihty state transfer among 2* 
symmetricaUy placed nodes of the A^- nodes spins 1/2 chain with the XXZ Hamilto- 
nian. We consider examples with {N,s) = (4,4), {N,s) = (6,4) and {N,s) = (8,8). 
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1 Introduction 



This paper concerns the problem of the high probability state transfer (HPST) 
[Jj between different nodes of the spin 1/2 chain, which becomes a popular 
problem due to the development of the quantum communication systems and 
quantum computing. By "state transfer" we mean the following phenomenon 
[2][3] . Consider the chain of spins 1/2 with dipole-dipole interactions in the 
strong external magnetic field. Let all spins be directed along the external 
magnetic field except the ith one whose initial state is arbitrary, ipi = cos 6'|0) + 
e*'^sin6'|l), where |0) and |1) mean the spin directed along and opposite the 
external magnetic field respectively. Let the energy of the ground state (all 
spins are aligned along the magnetic field) be zero. If the state of jth node 
becomes ipj = cos6\0) + e^'^fij sin^|l) with \ fij\ = 1 at time moment to then we 
say that the state has been transfered from the ith to the jth node with the 
phase shift (pij = arg/jj. Since \fij \ = 1, all other spins are directed along the 
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field at t = to, i.e. their states are |0). Function fij is the transition amphtude 
of an excited state |1) from the ith to the j'th node. Note that if all nodes 
of the chain have equal Larmor frequencies and we are interested in the state 
propagation between two nodes, say between sth to rth nodes, then the shift 
(psr niay be simply removed by the proper choice of the constant magnetic 
field value [2], so that fij = 1, i.e. the state is perfectly transfered. 

There exists a wide literature studying the state transfer along the spin chains 
in the strong external magnetic field. For instance, propagation of the spin 
waves in homogeneous chains was considered in [1]. It was demonstrated that 
the state may be perfectly transfered between two end nodes [3ll5] as well as 
between two symmetrical inner nodes [6] in the inhomogeneous chain. State 
propagation along the alternating chains was studied in [7|5] . It was shown 
in piTU] that the chains with week end bonds provide the state transfer from 
one to another side of the chain. End-to-end entanglement in both alternating 
chains and chains with weak end bonds has been studied in[9]. Some aspects 
of the entanglement between remote nodes of the chain have been studied in 



However, all these references consider the state transfer between two end nodes 
(or between two symmetrical nodes) which is required for the construction 
of the communication channels where the state must be transfered from one 
object to another. Meanwhile, the quantum computation requires such systems 
which have HPSTs among many different nodes and, as a consequence, may 
distribute information among these nodes. Such systems may be candidates for 
the quantum register. Emphasise that, as it was indicated above, the excited 
state may be transfered from the initial zth node to some jth node with proper 
phase shift (pij. However, we will show that all these shifts may be removed 
in a simple way introducing the time dependent magnetic field, see SecJ2] 
(remember that the single phase shift can be removed by a constant magnetic 
field, like it was done in the case of the state propagation between two nodes 
[2j|). Thus, in general, the phase shifts (pij do not create serious obstacles for 
the quantum communications. The only problem is the organization of the 
state transfers with big values of \fij\- 

A simple variant of such systems is suggested in our paper. Namely, we con- 
struct the chain of nodes which has set C of Af < N nodes p,, z = 1, . . . ,J\f, 



with the HPSTs between any two of them, i.e. if the unknown state 0„ = 
cos ^|0) +e"'^ sin ^1 1) is generated in any particular node n from the set C (while 
the initial states of all other nodes are |0)) then this state may be detected 
with high probability in any other node m from the set £ after appropriate 
time intervals. 




£ = {pi, i 



l,...,Ar<iV}, pi = l. 



(1) 
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Hereafter we will use the notation Li_...^i^(A^i, Mi, N2, M2, . . . , Nk — 1, Mk — 
1, Nk) for the chain shown in Fig{Tl Here Ni and Mj are the numbers of nodes 
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Fig. 1. The non-symmetric chain Li,...,a'(A^i, Mi, iV2, M2, . . . , A^x - I, Mr - 1,Nk). 
The total number of the nodes is = X]ilT^(^« + Mi) + Nk- Here 
= {Pi: ^ = 1, . . . ,K}. The chains Lj allow the HPSTs among their end nodes 
P2i-i and p2i, i = 1, . . . , K . These chains are connected through the spin 1/2 chains 
Ci, i = 1, . . . , K — 1. Parameters Pj(2j) (^j(2j+i)) coupling constants between 
P2i ip2i+i) and first (last) node of the chain Ci, i = 1, . . . , K — 1. For unambiguity, 
the coupling constants between nth and mth nodes of the whole chain will be called 



Dnm- Namely parameters Dnm appear in the Hamiltonian (I12|) . Dn 
coupling constants between the nearest neighbours. 



D 



n{n+l) 



are 



in Li and Ci respectively. Let us clarify the structure of this scheme. Each 
of the chains Li, i = 1, . . . , K, allows the HPST between its end nodes P2i~i 
and p2i- Chains li collect all inner nodes of Li and consequently have Ni — 2 
nodes. Two chains Li and Lj+i are connected by the "week bond" through 



the chain d, i 



K — 1. By "week bond" between Li and Lj+i we mean 



the following necessary inequality among the coupling constants: 



max(Pj(2i), Pj(2j+i), coupling constants in Ci 



K-l)< 



min(coupling constants in Li 



K). 



(2) 



Emphasize that, also the HPST is organized between end nodes of each partic- 
ular chain Lj (taken out of the general chain), the whole chain Li k does not 
provide the HPSTs between all {i = 1, . . . , 2K) in general case. However, 
we are interested in the particular form of the chain which does provide 

the HPST among all nodes pi. First of all, such chain must be symmetrical 
and may be written as {K = Af/2) 

W..,M/i-i,M/i,M/A,M/i-i,...,i{Nu Ml, ... , Nm/4., Mm 14., Nu/4., . . . , Mi, A^i), 
where A/" = 2^ s = 1, 2, . . ., see FigJl 




Fig. 2. General scheme of the symmetric spin 1/2 chain with the HPSTs among 
the nodes pi, i = 1, . . . ,N, M = 2^ , s = 1,2, . . .. Here the total number of the nodes 



^ = 2E£(^ \Ni + Mi) + 2AV/4 + £ = {pi 
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Let the chain have nodes. We use notations Pj:^] , ti^l and Si^l for the 

PnPm' PnPm ' PnPm 

probabihty of the exited state transfer between p„th and Pmth nodes, for the 
time interval required for this transfer and for the phase shift of the transfered 
exited state, n,m = 1, . . . ,J\f < N: 



-^PnPm ^PnPni^'^PnPni) \ f PiPj^'^ PnPm)\ ' '^PiPj fpiPj^^PnPnJ ' (3) 

Due to the symmetry of the chain, we have the following identities: 

piN) ^ piN) ^N) ^ ^iN) 7(iV) ^ 7iN) /^N 

PnPm Pmpn ' pnPm PmPn ' ' pnPm ^ Pmpn ^ ^ 

piN) ^ piN) TiN) ^ AN) 

^PnPm ^iN-pn + l)iN-prr, + l)' ''PnPm (A^-Pn + 1) { A^-Pm + 1) ' 

^inlm = ^(Af-p„ + l){JV-Pm + l)- 

Because of the wide spread of the coupling constants, the time interval i^^^^ 
needed for the state transfer between pn and pm significantly depends on the 
values n and m. In general, 

ti^lJn<M/2,m>Af/2 < ^p^p„ |n,m<Ar/2, (5) 

i.e. the state may be transfered between two nodes much faster if both nodes 
are placed in the same half of the chain. Thus, an important characteristic of 
such chain is the interval 

T|^)=max(tt^)^, n,m = l,...Ar). (6) 



Hereafter the state transfer between the nodes pn and pm will be referred to 
as HPST if 



H^'p >Po. (7) 

PnPm — ^ V / 

The value Pq is conventional. We take Pq = 0.9 in Examples of Sec|3] and in 
Example 1 of SecjS] and Pq = 0.8 in Examples of SecJH and in Example 2 of 
SecEl 

The set of all possible HPSTs between any two nodes from the list C will be 
referred to as HPST(A^; £), where is the total number of nodes in the chain. 
We call the parameters of HPST(A^; C) in such chain the set of parameters 



PnPm ' PnPm ' ' PnPm ^ ^ 



4 



Since the organization of the HPSTs among different nodes of the set of > 2 
nodes is an essential property of the quantum register, the chains constructed 
in this paper may be candidates for this role. 

While the nodes pi may serve as the q-bits of the quantum register, the chains 
li (and Ci) serve to decrease the time intervals ^^^^.^pji i^^^ ^P2iP2i+i) ^^^quired 
for the state transfer between the nodes P2i-i and p2i (and between the nodes 
P2i and P2i+i) separated by the long distance as it happens in the communi- 
cation channels. Namely, if Li consists of two nodes p2i-i and p2i then the 
time interval ^p^l_ip2i reduced putting additional chain U with prop- 

erly adjusted coupling constants between these two nodes. Similarly, the time 
interval ^p^pj.^j required to transfer the excited state between the last node 
of Li (i.e. node p2i) and the first node of Lj+i (i.e. node P2i+i) may be re- 
duced putting chain Ci with properly adjusted coupling constants between Lj 
and -Lj+i, see, for instance, chain Ci(2) in FiglHl Thus the above spin chain 

^i,...,Ar/4-i,Ar/4,Ar/4,Ar/4-i,...,i(A^i, Mi, ... , N^/A, Mv/4, N^/A, . . . , Mi, A^i) com- 
bines properties of both quantum register and communication channel. 

Finally we note that, constructing the spin chain, we want 

(1) to satisfy the condition ([7]) for Pp^p^, n,m = 1, . . . ,J\f, (9) 

(2) to minimize the parameter Tj;^\ (10) 

(3) to remove phase shifts n,Tn = 1, . . . ,J\f. (11) 

This paper is organized as follows. In SecE] we show that 2^ x 2^ matrix 
representation of the XXZ Hamiltonian may be reduced to the N x N ma- 
trix representation for a certain type of problems. Secl3] describes the general 
structures of the spin chains having the set C of four nodes; simple examples 
are represented. Similar study of the eight node chain is given in SecJH Defor- 
mations of the above chains decreasing parameter T^^^ are discussed in SecJH 
Conclusions are given in SecJHl 



2 State transfer in spin 1/2 chain with XXZ Hamiltonian 

We study the HPSTs pQ among nodes of the spin 1/2 chain in strong external 
magnetic field B{t) with the XXZ Hamiltonian 

N 

n = nd. + u;{t)h, h = Y.Ii,,, uj{t)=-iB{t) (12) 
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ij=i '"ij 

where 7 is the gyromagnetic ratio, is the distance between ith and jth 
spins, li^a is the projection operator of the ith spin on the a axis, a = x,y, z, 
Iz is the z-projection operator of the total spin, Dij are the spin-spin couphng 
constants. This Hamiltonian describes the secular part of the dipole-dipole 
interaction in the strong external magnetic field [12]. For our convenience, we 
call Di = i = 1, . . . , — 1. It is obvious that all Di may be arbitrary 

by definition. 



Although the approximation of the Hamiltonian f[T2|) by the nearest neighbour 
interaction is very popular in study of the quantum state transfer, one can 
show that it is not applicable to the inhomogeneous chains which have a 
wide spread of coupling constants. In fact, this approximation is applicable if 
Dij <^ min{Dk, k = 1, . . . , — 1), V j > i + 1. Only in this case we may 
disregard terms with coupling constants Dij {j > i + 1) in the Hamiltonian. 
However, this is not possible in general. Consider, for instance, the chain in 
Figl3J In this chain, the approximation by the nearest neighbour interaction 

i i + 1 i + 2 i + 3 



''(i+i)(i+2) =2 a ''(i+2)(i+3) -4 a 

Fig. 3. Example of the chain which does not allow the approximation by the nearest 
neighbour interaction 

takes into account the term with coupling constant = and disregards 
the term with coupling constant -Dj(i+2) = 2^ > -Di+2 in the Hamiltonian, 
i.e. we neglect the term which is bigger then the term which is taken into 
account. Comparison of the coupling constants in the chains considered in 
Secsj3l|5] confirms that the approximation of the Hamiltonian by the nearest 
neighbour interaction is not applicable to these chains. Thus, hereafter we 
consider the total Hamiltonian (IT^ . 

It is convenient to take the eigenvectors of Iz as the basis of the matrix repre- 
sentation of the Hamiltonian (fT2l) . This is possible since the Hamiltonian ( |T2i) 
commutes with L: 



[n,iz] = o, (13) 

so that both 7i and Iz have the common set of eigenvectors. In general the 
dimensionality of the matrix representation of the Hamiltonian is 2^ x 2^. 
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As usual, we write the eigenvectors of the operator in terms of the Dirac 
notations. Let 



(14) 



be the eigenvector of the operator where the ith spin is directed opposite 
to the external magnetic field if = 1 and along the field if rii = 0. Then 
the matrix representation H of the Hamiltonian 7i gets the following diagonal 
block structure: 



N 



(15) 



where the block Hi is assotiated with the states having i spins directed opposite 
to the field. The dimensionality if this block is C]^ x C]y. 

It is important that in order to study the problem of the single quantum state 
transfer along the spin 1/2 chain with Hamiltonian f[T^ only the blocks Hq 
and Hi are needed, 
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where I is N x N identity matrix. Thus, instead of 2^ x 2^ matrix representa- 
tion of the Hamiltonian we have N x N block Hi and scalar block Hq, which 
significantly reduces all calculations. 

It was shown [2] that effectiveness of the quantum communication channel 
may be measured by the fidelities of the state transfers between p^th and 
Pmth nodes: 
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Tp(N) f + \ l/Sm(^)l '^°^-'^pSm(^) I l/Sm('^)l^ , ^ / 1 

^PnPra\^)- ^ + ^ 

where the amphtudes /^^^ and the phases F^^j are defined as follows (n, m = 



iV d'yt-{N~2)(u){T)dr\ 

Clii) = {Pm\e-''^'\Pn) = E u,„,u„„,e-^'^'/'e V o ^ , (ig) 

i=i 

rSJ^) = ^iXW-/^(-M-^ (19) 







N 



^SJ^) = arg|EWp™.e-^'^*/1- (20) 

Here Uij, i,j,= 1, • • • , N, are components of the eigenvector uj corresponding 
to the eigenvalue A-,- of the matrix D: Duj = XjUj. The effectiveness of the 
state transfer is characterized by the set of parameters Fj,^^ = Fj;'^J Ui^l ), 
n,m = 1, . . . , A/". It is evident, that these parameters take maximum values if 



fS,„-r(X(C^J=0 mod(2vr), n,m = 1, . . . ,Af. (21) 



which may be considered as the system of equation defining (not uniquely) the 

AN 
'at 



time dependence u{t) (which must be positive over the interval < t < t{^^^ 



''PnPm 

4^1^ I -(-)rf- = C^.-d(CiJ -od(2vr), (22) 



n,m = 1, . . . ,J\f. 

Then the values of the fidelities F^^J (&l ) are defined by (&l )| or, 

PnPm ^ PnPm' ^ ' •' PnPm ^ PnPm ' ^ ' 

equivalently, by the probabilities Pp^J^- For this reason, namely probabilities 
Pj:^J will be studied in the rest of this paper. Phases o^l^^ (t) (which are 
independent on uj(t)) will be taken as parameters of the HPST(iV; C) instead 
of the parameters 4>p^l^ in the set (j8j), see Tables 1-6. Remark that, deriving 
eqs. fll7H20l) we took into account that the energy of the ground state Eq is not 
zero: Eq = IiHq. 

An explicite example of the function uj{t) constructed in accordance with 
eqs. (12^ with N = J\f = 4: will be given in SecJ21 see Example 1. 
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3 Simplest chains allowing the HPSTs among the four nodes. 



The HPSTs from the end node to (some of) the inner nodes of the spin chain 
becomes possible due to the following mechanism. Let us take two identical 
chains Li(A'^i) which allow the HPST between their end nodes. Let D be the 
minimal coupling constant between the nearest neighbours in these chains. We 
connect these chains by the weak bond with the coupling constant D^q^ <C -D, 
resulting in the chain Lii(A''i, 0, A^i) of iV = 2Ni nodes, see FigJH Then 



Lii{Ni,0,Ni) 





Fig. 4. Spin 1/2 chain Lii(A^i, 0, A^i) with the HPSTs among the four nodes pi, 
i = 1, 2, 3, 4, i.e. C = [pi, i = 1, 2, 3, 4}, J\f = A; Ci is absent. 



C = {end nodes of chains Li(A''i) } = {pi,P2,P3,Pi}, TV = 4. (23) 

These HPSTs may be understood as follows. Let spin pi be directed opposite 
to the external magnetic field while all other spins of the chain Lii{Ni, 0, Ni) 
be directed along the field initially. Due to the small coupling constant D^-^ 
this excited state remains inside of the first chain Li(A'^i) for the long time 
with the high probability to be detected in either pi or p2 (since, by definition, 
the chain Li(A''i) provides HPST between end nodes). However, due to the 
bond between two chains Li{Ni), the excited state will be transfered to the 
second chain Li{Ni) after comparatively long time interval T^r with the high 
probability. If this happens, than the excited state remains in this chain for 
the long time with high probability to be detected in either p^ or p^. Similarly, 
after one more time interval Ttr the excited state will return to the first chain 
Li[Ni) with the high probability, and so on. Parameter D^r-^ may be fixed by 
the two conditions and flTI]]) . Hereafter in this section we take Pq = 0.9 in 
the definition ([7j). Consider two simple examples. 

Example 1: the HPSTs in the chain Lii(2,0,2). The simplest example 
of the chain Li(A'^i) providing the ideal end-to-end state transfer is the chain 
of two nodes, i.e. A^^i = 2. Connecting two equivalent chains Li(A'^i) we obtain 
the chain Ln(2, 0, 2) with N = Af = A, see FigO 
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IPs P4: 


Di=l 


□ 2=5 
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Fig. 5. Spin 1/2 chain Lii(2,0,2) with the HPSTs among all nodes pi = i, 
i = 1, 2, 3, 4, i.e. C = {1, 2, 3, 4}, N=4. This figure is equivalent to Figgjwith Ni = 2. 
The optimal value of the parameter 6 is 0.196. 

In this case the set C consists of all nodes of the chain Lii(2, 0, 2). We set Di = 
D3 = 1 for simplicity and vary D2 = S in order to satisfy the conditions (Q 
and (fTOl) . We have found that the optimal parameters of the HPST(4; 1,2,3,4) 
correspond to 6 = 0.196. These parameters are represented in Table 1, see also 
FigHH 

Let us find the time evolution of the external magnetic field which satisfies 
conditions (l22l) . i.e such uj{t) that 

''Tim. 

4^1= j uj{T)dT = ^^^l mod(27r), n,m = 1,2,3,4. (24) 


We may write conditions fl24|) as the following system of five equations: 



-(4) -(4) ,0 -(4) -(4) , a 

which is satisfied by the following function uj{t): 



J uj{T)dT = a^t^ + ast^ + Oat^ + ait (26) 


uj{t) = Aa^t^ + Sa^t"^ + 2a2t + ai, 

ai = 4.1241 X 10~\ a2 = -6.9297 x 10"^ 
ag = 2.3114 X 10-^ a4 = -1.9971 x 10"^ 

We see that the function uj{t) constructed in this way is positive over the 
interval < t < J = max (4^^)- 

n,m=l,...,4 
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Example 2: the HPSTs in the chain Lii(3,0,3). We take two homoge- 
neous chains of three nodes Li{3). It is known that the ideal state transfer 
is possible between the end nodes of these chains [3J. We connect them by 
the weak bond obtaining the chain shown in FiglHl Thus, C = 1,3,4,6. Let 
^ 



ki (3,0,3) 
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I ^2=51 
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Fig. 6. Spin 1/2 chain Lii(3,0, 3) with the HPSTs among the four nodes pi = 1, 
P2 = 3, P3 = 4, p4 = 6; £ = {1, 3, 4, 6}, Af = A. 6i = 1, 62 = 0.028 in Example 2 of 
Seci3]and 61 = 0.769, 62 = 0.092 in the chain Lii(3,0,3) considered in Example 1 
of SeciH 

Di = D2 = D4 = = 1, D3 = (^2 in this chain. We vary S2 to obtain the best 
correspondence to the conditions ([9]) and ( fTOl) . The optimal value is 62 = 0.028. 
The appropriate parameters of the HPST(6;1,3,4,6) are represented in Table 
2. 



3.1 Modification of the chain Lii{Ni,0, Ni) 

The chain shown in FigH] is convenient for the state transfer between two 
chains Li if only the distance between them (i.e. between p2 and ps) is not too 
long. Otherwise the time interval T^^^^^ becomes very long. To decrease this 
time interval we suggest the following modification of the chain Lii(A'^i, 0, A^^i). 

Let us take a symmetrical chain Ci(Mi) of Mi nodes with maximal coupling 
constant between neighbours V satisfying the following condition: V < D. Us- 
ing the coupling constant 1^12 <^ Z) we may construct the chain Lii(A''i, Mi, Ni) 
of N = 2Ni + Ml nodes shown in FigJTl Here C consists of the end nodes of 
chains Li and may not involve any node of Ci(Mi). This statement is valid 
due to the fact, that the probability for the spin to be detected in the chain 
Ci(Mi) may not be high because of the small coupling constants both inside of 
this chain and 1^12. These coupling constants should be fixed by the conditions 
(E]) and (fTOl). 

Example: the HPSTs in the chain Lii(2, 2, 2). We consider the HPST(6;1,2,5,6) 
in the chain Lii(2, 2, 2) shown in FiglHl 

This is a chain of 6 nodes (A^ = 6). We fix Z^i = Z^s = 1 and vary parameters 
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Lii(Ni,Mi,Ni ) 




Fig. 7. Spin 1/2 chain -Lii(A'^i, Mi, A^i) with the HPSTs among the four nodes pt, 
i = 1,2,3,4; C = {pi,P2,P3,P4}, A/" = 4. Chain Ci(Mi) is introduced to decrease 
the parameter T^^^ , N = 2Ni + Mi (compare with the scheme in FigjJ]) . 
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Fig. 8. Spin 1/2 chain Lii(2,2, 2) with the HPSTs among the four nodes pi = 1, 
P2 = 2, p3 = 5, p4 = 6; £ = {1, 2, 5, 6}, M = 4. Chain Ci(2) is introduced to decrease 
the parameter xjf^ (compare with the scheme in Figl7|). Optimal parameters of the 
HPST(6;1,2,5,6) correspond to 61 = 0.224, 62 = 0.649. 

D2 = -D4 = Si and = 62 with the purpose to decrease the parameter T^^^ 
and satisfy the conditions (ptfTOj) . We have found that the following values 
of the parameters 6i yield a good result: 61 = 0.224 and 62 = 0.649. The 
appropriate parameters of the HPST(6; 1,2,5,6) are represented in Table 3. 

Here we demonstrate that the intermediate chain Ci(2) in the chain Lii(2, 2, 2) 
speeds up the state transfer between p2 and ps separated by the distance 
R = 2{r/6iY^^ + For this purpose we compare the parameters t^s^ 

for the chain Lii(2,0,2) (see FigjS]) with D2 = T/R^ ^ 0.011 and parameter 
^25^ ^ QAA from the Table 3. Numerical simulation shows that t^23 ~ 2000, i.e. 
^23 A25 ~ 31. 



4 Simplest chains with the HPSTs among eight nodes. 



Chains Lii{Ni,0,Ni) and Lii(A^i, Mi, A^i) considered in Secj3] provide the 
HPSTs between any two nodes out of the set £ consisting of four nodes. 
However, the number of such nodes may be increased using the following 
obvious generalization of these chains. 
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Let us take two chains Li2(A^i, Mi, A^i) and L2i(A^i, Mi, A^i) (see Fig{T]) and 
the symmetrical chain C2(M2). The maximal coupling constant T) between the 
nearest neighbours in C2(M2) must satisfy inequality V < min(X>i2, 1'ls, -D), 
where D is the minimal coupling constant between the nearest neighbours in 
Li{Ni), i = 1,2. Using the coupling constant V2A, P24 ^ "^j we construct the 
chain of = 4A^i + 2Mi + M2 nodes shown in Fig|9l Here C consists of the 



Ll22l(Ni , Ml, Ni, M^,Ni, Mi,Ni) 




Fig. 9. Spin 1/2 chain Li22i(iVi, Mi, A^i, M2, iVi, Mi, A^i) with the HPSTs among 
the eight nodes pi, i = 1, . . . ,8; C = {pi, i = 1, . . . , 8}, M = 8. 

eight end nodes of chains Li and L2: C = {pi, i = 1, . . . , 8}, Af = 8. 

It is obvious that this algorithm may be extended to construct chains with C 

consisting of 2^* nodes s = 1,2, Consider the simplest example where we 

take Po = 0.8 (see eq.([7D). 

Example: the HPSTs in the chain Liiii(2, 0, 2, 0, 2, 0, 2). We consider 
the chain of eight nodes as one obtained by joining of two 4-nodes chains 
Lii(2,0,2) constructed in Example 1 of SecJS], see FigJTOl where 62 = 1. 



Li,f2,21 


1-1221 \'-r^f'-r^f'-i^r'-J 


L„ (2 ,2) 


i Ll(2) 

; p 1 P2 


i '-2(2) ; 
; p 3 P4 1 


; L2(2) 

; p 5 P6 


; p 7 p si 

•! 


L. - .__ 


□ 2=«i i 03=62 i 


□ 4 =153 







Fig. 10. Spin 1/2 chain Li22i(2, 0, 2, 0, 2, 0, 2) with the HPSTs among the eight 
nodes pi = i, i = 1, . . . ,8; C = {1, . . . ,8}, Af = 8; 5i = 0.196, 62 = 1, 83 = 0.010 in 
the chain Liiii(2, 0, 2, 0, 2, 0, 2) considered in Example of SecH] (^2(2) = Li(2) in 
this case) and 5i = 0.247, 62 = 0.977, S3 = 0.018 in the chain Li22i(2, 0, 2, 0, 2, 0, 2) 
considered in Example 2 of SeclSl 

To provide the HPSTs among all nodes we must take a small coupling constant 
between these two chains. Namely, it must be less than 6 = 0.196 intro- 
duced in Example 1 of Sec|31 We take Di = = 1, D2 = Dq = 5i = 0.196, 
D3 = Dr, = 62 = 1, -04 = ^3^ 0.196. The disadvantages of this chain are 
big parameter Tg^^ and comparatively small values of Pij \ i-,] = 1,...,8 
{i 7^ j). After optimization we obtain ^3 = 0.010. The parameters of the 
HPST(8;1,2,3,4,5,6,7,8) are represented in Table 4. 
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5 Deformations of the chains improving the parameter 



It may be shown that the parameters of the HPSTs may be improved varying 
aU couphng constants in the chains Lii(A''i, Mi,Ni) and Li22i(A''i, Mi,Ni, M2, Ni, Mi, Ni) 
in a proper way, i.e. varying not only the coupling constants between chains 
-^i(^i) (like it was done in Secs|3] and H]) but also the coupling constants 
inside of Li(A'^i). This allows one to decrease significantly parameter 
After such process the above chains will be reduced to the "optimized" chains 
which we caU Lii(A^i, Mi, A^i) and Li22i(iVi, Mi, A^i, M2, iVi, Mi, A^i) respec- 
tively (compare the parameters from Tables 2 and 5 and from Tables 4 and 
6). 

Example 1: the HPSTs in the chain Lii(3,0,3), Pq = 0.9. The purpose 
of this section is to decrease the parameter T^"* which have been found in 
Example 2 of Secj3l see Table 2 and Fig El We take Di = = 1, D2 = D4 = 
61, -D3 = 62 and vary 6i, i = 1,2 keeping in mind the conditions ( PfTOj) . We 
have found that the optimal parameters of the HPST(6;1,3,4,6) correspond to 
the ^1 = 0.769 and 82 = 0.092, see Table 5 and FigJl 

Example 2: the HPSTs in the chain Li22i(2, 0, 2, 0, 2, 0, 2), Pq = 0.8. 

The parameter Tg^"* obtained in Example 1 of SeclHmay be decreased varying 
the coupling constants in the chain, see FiglTUl Thus, the optimal parameters 
of the HPST(8; 1,2,3,4,5,6,7,8) have been found for 61 = 0.247, 82 = 0.977, 
S3 = 0.018, see Table 6 and FigiTOl 
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Table 1 



The parameters Pifj (the first number in the box), tlj (the second number in the 
box) and (flf (the third number in the box) of the HPST(4;1,2,3,4) in Lii(2,0,2) 
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Fig. 11. The time dependence of the probabihties Pif\ i = 1, 2, 3, 4 and P2^^ in the 

chain Lii(2, 0, 2). The marked points correspond to the parameters P^j^ and t^^^ of 
the HPST(4;1,2,3,4), see also Table 1. 
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Table 2 



The parameters Pp^p^ (the first number in the box), ij,.p. (the second number in the 
box) and (fi^pipj (the third number in the box) of the HPST(6;1,3,4,6) in Lii(3, 0, 3) 
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Table 3 



The parameters Ppipj ((the first number in the box), tj).p. (the second number in the 
box) and 4^],, i^^^ t^i^d number in the box) of the HPST(6;1,2,5,6) in L^^C^, 2, 2) 

6 Conclusions 

Using the numerical simulations we demonstrate that the A^-nodes spin 1/2 
chains with wide spread of the properly adjusted coupling constants allow the 
HPSTs between different nodes. It is important that the whole Hamiltonian 
(1121) rather then approximation by the nearest neighbour interaction must be 
used for the correct description of the HPSTs in such chains. 

We have found that two spin 1/2 chains Li(A'^i) with the HPST between end 
nodes may be connected by a relatively weak bond to get a chain with the 
HPSTs among four nodes, see Secj3l In turn, having two such chains we may 
connect them by another weak bond to get a chain with the HPSTs among 
eight nodes (see SecJl]), and so on. Formally, the number of the nodes allowing 
the HPSTs among all of them may be 2**, where s = 1,2, . . .. However, the 
disadvantage of such chains is a rapid increase of the time interval Tjj^'^ with 
the number of nodes involved in the HPSTs. The mechanism decreasing Tj^^ 
would be important for the implementation of these chains. 

We also demonstrate that the speedup of the state transfer between the nodes 
Pi and pi+i separated by the distance R may be achieved using the intermediate 
chain with properly adjusted coupling constants, see Sec l3.1[ 

This work is supported by Russian Foundation for Basic Research through the 
grant 07-07-00048 and by the Program of the Department of Chemistry and 
Material Science of RAS No. 18. 
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Table 4 

The parameters Pp^pj (the first number in the box), i^^p^ (the second number in 

the box) and 'f>pjpj (the third number in the box) of the HPST(8;1,2,3,4,5,6,7,8) in 
Lfiii(2,0,2,0,2,0,2) 
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Table 6 

The parameters Ppip^ (the first number in the box), tp/p^ (the second number in 
the box) and (pf^p^ (the third number in the box) of the HPST(8;1,2,3,4,5,6,7,8) in 
Lf22i(2,0,2,0,2,0,2) 
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